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E-mail address: k.g.khoroshev@gmail.com (K.G. KhSolutions of the two-dimensional electroelasticity problems for inﬁnitely long piezoelectric cylinders
with cavities and cracks under electrical potential difference action are obtained using the Lekhnitskii’s
generalized complex potentials. Herewith, piezoelectric bodies under consideration are free from
mechanical loads, some (or all) openings and maybe the exterior boundary of the cylinders are fully cov-
ered by thin electrodes. Voltage differences are supplied on the electroded surfaces, the rest boundary
surfaces are charge-free. In this case, the complex potentials are investigated. Boundary conditions are
satisﬁed by the least-squares method. There are carried out numerical investigations of behaviour of
some basic electroelastic characteristics in a circular hollow cylinder and in an inﬁnite body with two
longitudinal cavities and a charge-free plane crack. New electromechanical regularities of inﬂuence of
material properties, geometrical characteristics of considered regions on values of electroelastic state
characteristics and the stress, electric displacements and tensions intensity factor k1 are determined.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Various piezoelectric elements of devices used in engineering
practice are designed as cylindrical bodies. The elements both
may have constructive longitudinal cavities and they can be
cracked during production or exploitation due to the material brit-
tleness. The voltage difference applied to some lateral boundaries
of such element can cause non-trivial and maybe destroying plane
electroelastic ﬁeld in it. On this account, solving the two-dimen-
sional (and plane) electroelasticity problems for piezoelectric
bodies (and plates) with holes and cracks is not only of academical
but also of practical importance. The major practically usable tech-
niques for solving such problems are the extended Stroh’s and the
Lekhnitskii’s formalisms.
Formulating of the two-dimensional electroelasticity problem
in terms of the extended Stroh’s formalism (Stroh, 1958; Ting,
1996) was done in Barnett and Lothe (1975). Based on this results,
there were solved the problems for a piezoelectric solid with an
elliptic hole or a crack (Gao, 2000; Gao and Fan, 1999; Zhang
et al., 1998) or with an elliptic hole or an inclusion (Chung and
Ting, 1996). Uses of the Green’s functions dislocations in piezoelec-
tric media with a hole (Liang and Hwu, 1996; Liu et al., 1997) or an
elliptic inhomogeneity (Huang and Kuang, 2001) are investigated.
By the boundary element method, there are obtained solutions of
the two-dimensional problems for a solid with a void and a crackll rights reserved.
oroshev).(Liang and Hwu, 1996); for a solid with a void and two cracks
(Denda and Kosaka, 1997). Various investigations devoted to dif-
ferent aspects of fracture of piezoelectric material with cracks were
carried out by Pak (1992), Zhang and Tong (1996), Wang and Mai
(2003), Gao et al. (2004) and others.
The Lekhnitskii’s formalism was used for solving the
two-dimensional elasticity problem for arbitrary multiconnected
anisotropic bodies having cylindrical forms. The most full state-
ment of applying the Lekhnitskii’ complex functions for investiga-
tion of the stressedly-deformed states of anisotropic bodies with
cylindrical openings can be found in Lekhnitskii (1981). For the
ﬁrst time the generalized complex potentials of electroelasticity
were used in the plane problems for plates by Kosmodamianskii
and Lozhkin (1975, 1977). Lozhkin and Oleinik (1976) investigated
the generalized electroelastic state of a thin plate with an elliptical
hole. The papers (Sosa and Khutoryansky, 1996; Sosa, 1991; Xu and
Rajapakse, 1999) are devoted to solving the two-dimensional prob-
lems for transversally-isotropic piezoelectric bodies weakened by
an elliptical hole or a plane crack. With taking into account crack
closing effect, a plane crack in a piezoelectric solid was considered
by Xu and Rajapakse (2003). Using the results obtained by Sosa
(1991) and the singular integral equations technique, Qin (1999)
solved the plane electroelastic problem for a plate with a hole of
various shape and a crack. A piezoelectric solid with an elliptical
piezo-inhomogeneity was considered in Chen and Lai (1997) and
Zeng and Rajapakse (2003). There are given solutions of the plane
electroelasticity problems for piezoceramic bimorphs with holes
and cracks in Bardzokas et al. (2005). Kaloerov et al. (2003)
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obtained boundary conditions for their determination, allocated
the logarithmic peculiarities of the functions for solving the
two-dimensional problems of electroelasticity for arbitrary
multiconnected cylindrical piezoelectric bodies. Based on the
numerically-analytical technique (Kaloerov and Goryanskaya,
1998) which consist in use of conformal mapping, functions expan-
sions in the Taylor and the Laurent series and the least-squares
method for satisfying boundary conditions in differential form,
there are given solutions of the two-dimensional (and plane) elec-
troelastic problems for bodies (plates) with ﬁnite number of holes
and cracks in Kaloerov and Baeva (2001, 2003). Using this tech-
nique, investigations of the electroelastic states of concrete bodies
and plates with holes and cracks under mechanical forces, remote
or concentrated electric loading may be found in the generalizing
monograph (Kaloerov et al., 2007). In all above-mentioned papers
the boundary surfaces were considered as charge-free or electri-
cally isolated ones. Based on the results obtained for multiconnect-
ed fully electroded piezoelectric plates by Glushchenko and
Khoroshev (2008) and Khoroshev (2010), solution of the two-
dimensional (and plane) electroelastic problems for partially elect-
roded piezoelectric bodies (and plates) with holes and cracks under
electric potential difference action are obtained in this paper.
2. The problem formulation and the basic relations
Let us consider a cylindrical piezoelectric body with the outer
boundary L0 and longitudinal cavities Ll ðl ¼ 1;LÞ. In case of an inﬁ-
nite body, the outer contour L0 is absent. The body is attached to a
rectangular coordinate system Oxyz with the 0z-axis parallel to the
cavities generatrix. So the cylinder cross-section occupies in the
Oxy-plane a multiply connected domain S (see Fig. 1) bounded by
contours of holes Ll ðl ¼ 1;LÞ and the outer contour L0, which is ab-
sent in case of an inﬁnite region. The cross-section of the cylinder is
assumed to be not parallel to the material symmetry plane.
Let the cylinder be in the two-dimensional electroelastic state
under electrical potential difference action that does not vary along
the Oz-axis and depends only on x and y coordinates. Mechanical
load is absent, the surfaces of the cavities Ll ðl ¼ 1;N ; N 6 LÞ are
superimposed by thin electrodes. There are supplied voltage differ-
ences Vl1 on the corresponding electroded surfaces Ll and L1, the
rest of them are charge-free. The outer boundary may be electrod-
ed or free of charge. In case of an inﬁnite body, the electric poten-
tial is limited on inﬁnity, the stresses are equal to zero.Fig. 1. The cross-section S of a body.As it was shown in Kaloerov et al. (2003), the problem under
consideration comes to ﬁnding the generalized complex potentials
UkðzkÞ ðk ¼ 1;4Þ. If these functions are known, some basic electro-
elastic state characteristics can be calculated by the next formulas
(Kaloerov et al., 2003; Kaloerov et al., 2007):
ðrx;ry;syz;sxz;sxyÞ ¼2Re
X4
k¼1
ðk1k;k2k;k4k;k5k;k6kÞU0kðzkÞ; ð2:1Þ
ðDx;Dy;Ex;EyÞ¼2Re
X4
k¼1
ðk7k;k8k;r0k ;lkr0kÞU0kðzkÞ; ð2:2Þ
ðu;v ;w;uÞ¼2Re
X4
k¼1
ðpk;qk;s0k ;r0kÞUkðzkÞþ x3yþu0;x3xþv0;w0;u0
 
:ð2:3Þ
Here rx, ry; syz; sxz; sxy are the components of the stress tensor;
Dx;Dy and Ex; Ey are the components of the electric ﬁeld displace-
ment vector and the electric ﬁeld intensity vector correspondingly;
u;v ;w are projections of the displacement vector on the axes
Ox;Oy;Oz;u is the electric potential; x3yþ u0;x3xþ v0 and w0
are the rigid-body displacements of a solid; u0 is an arbitrary cho-
sen zero level of the electric potential; lk k ¼ 1;4
 
are solutions of
the characteristic equation
l4a lð Þl2a lð Þl2c lð Þ þ 2l3a lð Þl3b lð Þl2b lð Þ  l23b lð Þl2a lð Þ  l22b lð Þl4a lð Þ
 l23a lð Þl2c lð Þ ¼ 0;
where
l4a lð Þ ¼ a11l4  2a16l3 þ 2a12 þ a66ð Þl2  2a26lþ a22;
l3a lð Þ ¼ a15l3  a14 þ a56ð Þl2 þ a25 þ a46ð Þl a24;
l3b lð Þ ¼ b11l3  b21 þ b16ð Þl2 þ b12 þ b26ð Þl b22;
l2a lð Þ ¼ a55l2  2a45lþ a24;
l2b lð Þ ¼ b15l2  b14 þ b25ð Þlþ b24;
l2c lð Þ ¼ c11l2 þ 2c12l c22;
kik;pk; qk; r
0
k ; s
0
k are known constants that depend on material
properties
k1j ¼l2j ; k2j ¼1; k4j ¼kj; k5j ¼ kjlj; k6j ¼lj;
k7j ¼ mjlj; k8j ¼mj;k14 ¼ k4l24; k24 ¼ k4; k44 ¼1;
k54 ¼l4; k64 ¼k4l4; k74 ¼ k4m4l4; k84 ¼k4m4;
pj ¼ a11l2j a16ljþa12þ a15lja14
 
kjþ b11ljb21
 
mj;
qj ¼ a12lja26þ
a22
lj
þ a25a24lj
 !
kjþ b12b22lj
 !
mj;
s0j ¼ a14lja46þ
a24
lj
þ a45a44lj
 !
kjþ b14b24lj
 !
mj;
r0j ¼ b11l2j b16ljþb12þ b15ljb14
 
kj
 c11ljc12
 
mj; j¼1; 3
 
;
p4 ¼ a11l24a16l4þa12
 
k4þa15l4a14þ b11l4b21
 
k4m4;
q4 ¼ a12l4a26þ
a22
l4
 
k4þa25a24l4
þ b12b22l4
 
k4m4;
s04 ¼ a14l4a46þ
a24
l4
 
k4þa45a44l4
þ b14b24l4
 
k4m4;
r04 ¼ b11l24b16l4þb12
 
k4þb15l4b14 c11l4c12
 
k4m4;
kj ¼
l3b lj
 
l2b lj
 
 l3a lj
 
l2c lj
 
l2a lj
 
l2c lj
 
 l22b lj
  ; mj ¼ l3a lj
 
l2b lj
 
 l2a lj
 
l3b lj
 
l2a lj
 
l2c lj
 
 l22b lj
  j¼ 1;3 ;
k4 ¼
l3a l4
 
l2c l4
  l3b l4 l2b l4 
l4a l4
 
l2c l4
 þ l23b l4  ; m4 ¼
l3a l4
 
l2b l4
  l2a l4 l3b l4 
l2a l4
 
l2c l4
  l22b l4  ;
aij i; j ¼ 1;6
 
; bmj m ¼ 1;3; j ¼ 1;6
 
; cnm n;m ¼ 1;3
 
are the
reduced material moduli
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 
 g3i sD33g3j  sDj3g33
 h i
=D;
bmj ¼ gmj þ sDj3 brm3g33  br33gm3
  g3j sD33brm3 þ gm3g33 h i=D;
cnm ¼ brnm  gn3 brm3g33  br33gm3
 þ brn3 sD33brm3 þ gm3g33  	=D;
D ¼ sD33br33 þ g233; aij ¼ aji; cnm ¼ cmn;
sDij are the deformation coefﬁcients measured at constant electric
displacement; gmj are the piezoelectric moduli; b
r
nm are the dielec-
tric susceptibilities measured at constant stresses. A value of the
electric potential on one of the contours Ll l ¼ 1;N
 
can be set
equal to u0, for example on L1, i.e. u1 ¼ u0. Then the values of ul
on the rest electroded contours are deﬁned as ul ¼ u0 þ Vl1.
The functions Uk zkð Þ are determined in the regions Sk obtained
from the region S by the afﬁne transformations
zk ¼ xþ lky; ð2:4Þ
and they are found from concrete mechanical and electrical bound-
ary conditions on the contours of the domain S (Kaloerov et al.,
2003). For absent mechanical loading the mechanical boundary
conditions on a contour Ll are selected in the following form:
2Re
X4
k¼1
g0kiUk tklð Þ ¼ cli l ¼ g0;L; i ¼ 1;2;4
 
; ð2:5Þ
where tkl are points of the contour Lkl obtained from points tl 2 Ll by
the transformations (2.4); g0 ¼ 0 for a ﬁnite domain S and g0 ¼ 1 for
an inﬁnite one; cli are unknown constants which are deﬁned in
process of solving the problem; g0k1 ¼ k6k; g0k2 ¼ k2k; g0k4 ¼ k4k. The
electric boundary conditions are expressed as
2Re
X4
k¼1
k8kUk tklð Þ ¼ cl3 l ¼ g1;N þ 1;L
 
ð2:6Þ
on charge-free contours and
2Re
X4
k¼1
r0kUk tklð Þ ¼ Vl1 l ¼ g2;1;N
 
ð2:7Þ
on electroded ones. Here g1 ¼ 0, if g0 ¼ 0 and L0 is charge-free (if L0
is electroded, the contour with number g1 in Eq. (2.6) is omitted);
g2 ¼ 0, if g0 ¼ 0 and there is given the voltage difference
V01 ¼ u0 u1 on L0 and L1 (otherwise, the contour with number
g2 is not considered in Eq. (2.7)).
Finding of the constants cli; cl3 is a matter of some difﬁculty. So
far investigators (Kaloerov and Goryanskaya, 1998; Kaloerov et al.,
2007; Glushchenko and Khoroshev, 2008; Khoroshev, 2010) had
avoided it by differentiation of Eq. (2.5) and (2.6) on an angular
position s of a contour Ll. Herewith, they had obtained
2Re
X4
k¼1
g0kidkU
0
k tklð Þ ¼ 0 l ¼ g0;L; i ¼ 1;2;4
 
; ð2:8Þ
2Re
X4
k¼1
k8kdkU
0
k tklð Þ ¼ 0 l ¼ g1;N þ 1;L
 
; ð2:9Þ
where dk ¼ dx=dsþ lk dy=ds and U0k zkð Þ ¼ dUk zkð Þ=dzk. Such ap-
proach gave the authors an opportunity to determine the functions
Uk zkð Þ accurate within complex constants. Unknowing of them did
not inﬂuence on calculating values of the stresses, the components
of the electric ﬁeld displacement and intensity vectors. We intro-
duce another way to keep out of the way of ﬁnding the constants
cli l ¼ g0;L; i ¼ 1;2;4
 
; cl3 l ¼ g1;N þ 1;L
 
and differentiation of
Eq. (2.5) and (2.6) in this paper. The constants can also be exclude
from Eq. (2.5) and (2.6). Let tl be a point on a contour Ll. The points
tkl 2 Lkl correspond to it. Then from Eq. (2.5) and (2.6) we have2Re
X4
k¼1
g0kiUk t

kl
  ¼ cli l ¼ g0;L; i ¼ 1;2;4 ; ð2:10Þ
2Re
X4
k¼1
k08kUk t

kl
  ¼ cl3 l ¼ g1;N þ 1;L : ð2:11Þ
Subtracting from Eq. (2.5) and Eq. (2.6) correspondingly Eq. (2.10)
and Eq. (2.11) provides
2Re
X4
k¼1
g0ki Uk tklð Þ Uk tkl
  	 ¼ 0 l ¼ g0;L; i ¼ 1;2;4 ; ð2:12Þ
2Re
X4
k¼1
k08k Uk tklð Þ Uk tkl
  	 ¼ 0 l ¼ g1;N þ 1;L : ð2:13Þ
Usage of the boundary conditions (2.12) and (2.13) instead of (2.5),
(2.6) together with Eq. (2.7) does not give an opportunity to deter-
mine the complex potentials totally, only accurate to some complex
constants of inessential character. Selecting these constants ck0 and
putting
Uk zkð Þ ¼ Uk zkð Þ  ck0½  þ ck0
do not change Eq. (2.12) and Eq. (2.13). Now therefore, instead of
Eq. (2.7) it will be used (Glushchenko and Khoroshev, 2008; Khoro-
shev, 2010)
cu þ 2Re
X4
k¼1
r0k Uk zkð Þ  ck0½  ¼ Vl1 l ¼ g2;1;N
 
; ð2:14Þ
where cu ¼ 2Re
P4
k¼1r
0
kck0. So instead of Eqs. (2.5)–(2.7) for deter-
mining the functions Uk zkð Þ we will use the boundary conditions
(2.12)–(2.14).
Note 1. Let the cylinder under consideration has the material
plane symmetry parallel to its cross-section. Since the body is situ-
ated only under electric potential difference, syz ¼ sxz ¼ 0; w ¼ w0
and solving the two-dimensional electroelasticity problem is re-
duced to solving the plane electroelastic problem for an inﬁnitely
long cylinder (Lekhnitskii, 1981; Kaloerov et al., 2007). In this case,
the stressesrx ,ry; sxy, the components of the electric ﬁeld displace-
ment vector and the electric ﬁeld intensity vector Dx;Dy ,and Ex; Ey
the displacements u;v and the electric potential u are calculated
by the formulas (2.1)–(2.3), in which it is necessary to put the
following relations: U4 z4ð Þ ¼ 0; lk k ¼ 1;3
 
are solutions of the
characteristic equation
l4a lð Þl2c lð Þ  l23b lð Þ ¼ 0;
l4 ¼ kj ¼ k4 ¼ m4 ¼ p4 ¼ q4 ¼ s0k ¼ s04 ¼ r04 ¼ 0; kj4 ¼ 0 for
j ¼ 1;2;4;5;6;7;8. The rest constants are found taking into account
latest expressions. The functions Uk zkð Þ k ¼ 1;3
 
are determined
from the boundary conditions (2.12)–(2.14) where all variables
with subindexes k ¼ 4 and i ¼ 4 are equal to zero. The mentioned
below technique of determination the complex potentials of the
two-dimensional electroelasticity problem is totally spread to ﬁnd-
ing the complex potentials of the plane problem.
Note 2. Let us consider a thin plate instead of an inﬁnitely long
cylinder. A plate has the material symmetry plane parallel to its
middle plane. Mechanical loading is absent; the face surfaces are
charge-free; a plate is situated under electric potential difference
and it has partially electroded the lateral boundary on which there
are supplied some voltage differences. The middle plane of a plate
occupies the domain S (see Fig. 1). In this case, it is necessary to
solve the problem on the generalized plane electroelastic state of
a piezoelectric plate. This problem is called the plane problem for
a plate (Kaloerov et al., 2007) and it is equivalent to the plane
problem for an inﬁnitely long cylinder where the reduced material
constants aij i; j ¼ 1;6
 
; bmj m ¼ 1;3; j ¼ 1;6
 
; cnm n;m ¼ 1;3
 
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 
; gmj
m ¼ 1;3; j ¼ 1;6
 
; brnm n;m ¼ 1;3
 
correspondingly.
3. The complex potentials
The generalized complex potentials Uk zkð Þ ðk ¼ 1;4Þ are deﬁned
in the domains Sk obtained from the region S by the afﬁne transfor-
mations (2.4). As well as S, the domains Sk are multiconnected and
bounded by the contours Lkl, which are afﬁnely transformed from
the contours Ll. With the assumption that the cylinder is situated
only under electric potential difference, Uk zkð Þ are expressed as
(Kaloerov et al., 2003; Glushchenko and Khoroshev, 2008)
Uk zkð Þ ¼ ck0 þ
XN
l¼1
Akl ln zk  zklð Þ þUk0 zkð Þ; ð3:1Þ
where ck0 are unknown complex constants; zkl are arbitrary chosen
points inside the boundaries Lkl;Akl l ¼ 1;N
 
are determined from
the system
2Re
X4
k¼1
k2k; k6k; k4k; k8k;pk; qk; s
0
k ; r
0
k
 
iAkl
¼ 0;0;0;Ql=2p;0;0;0;0ð Þ; ð3:2Þ
Ql l ¼ 1;N
 
are the total free electric charges on the electroded
contours Ll;Uk0 zkð Þ are some single-valued holomorphic functions,
moreover, in the event of an inﬁnite domain Uk0 1ð Þ ¼ 0.
Values of Ql are unknown and they are found in process of solv-
ing a concrete problem. They are well-known to be expressed
through the given voltage differences Vlj ¼ ul uj on the electrod-
ed contours Ll and Lj by (Kalashnikov, 2004)
Ql ¼
XN
j¼g2 ;1
CvljV lj l ¼ g2;1;N
 
ð3:3Þ
or through the values uj of the electric potential on the electroded
contours Lj by (Matveev, 1983)
Ql ¼
XN
j¼g2 ;1
Cljuj l ¼ g2;1;N
 
: ð3:4Þ
Here Cvlj ; l – j is the electrocapacity of the electrode Ll relative to the
electrode Lj; Cll is the electrocapacity coefﬁcient of the electrode
Ll;Clj; l– j is the electrocapacity coefﬁcient between the electrodes
Ll and Lj. Taking into account the relations Vlj ¼ ul uj and
Cvlj ¼ Cvjl ; Clj ¼ Cjl, from Eq. (3.3), (3.4) it is obtained
Cll ¼
XN
j¼g2 ;l–j
Cvlj ; Clj ¼ Cvlj :
Finding the electrocapacities Cvlj and the electrocapacity coefﬁcients
Clj is of great practical interest of investigators (Kalashnikov, 2004;
Matveev, 1983). Solving the problem under consideration addition-
ally give an opportunity to determine them from Eq. (3.3), (3.4).
From Eq. (3.3) we have the relationship between the total free
charges Ql l ¼ g2;1;N
 
XN
i¼g2 ;1
Ql ¼ 0: ð3:5Þ
Solving the system (3.2) relatively the variables Akl we ﬁnd
Akl ¼ A0kQ l: ð3:6Þ
Here A0k are solutions of the system2Re
X4
k¼1
k2k; k6k; k4k; k8k; pk; qk; s
0
k ; r
0
k
 
iA0k ¼ 0;0;0;1=2p;0;0;0;0ð Þ:
ð3:7Þ
If the domain S is an inﬁnite one or the outer contour L0 is charge-
free, we ﬁnd Q1 ¼ 
PN
l¼2Ql from Eq. (3.5). For this case subject to
Eq. (3.6), the complex potentials take the form
Uk zkð Þ  ck0 ¼
XN
l¼2
Akl ln zk  zklð Þ  ln zk  zk1ð Þ½  þUk0 zkð Þ: ð3:8Þ
Show that the deﬁned by Eq. (3.8) complex potentials Uk zkð Þ
ðk ¼ 1; 4Þ satisfy automatically the conditions in the inﬁnitely far
point. According with the problem statement, in this point
rx ¼ ry ¼ syz ¼ sxz ¼ sxy ¼ 0;
Dx ¼ Dy ¼ Ex ¼ Ey ¼ 0; u ¼ const: ð3:9Þ
In a neighbourhood of an inﬁnitely far point we have
ln zk  zklð Þ ¼ ln zk þ O 1ð Þ;
ln zk  zklð Þ  ln zk  zk1ð Þ ¼ O 1ð Þ;
Uk zkð Þ ¼ O 1ð Þ; U0k zkð Þ ¼ o 1=zkð Þ:
Substituting these expressions into Eqs. (2.1)–(2.3) we obtain the
conditions (3.9). Note that if on all electroded surfaces of a cylinder
there are given zero values of the voltage difference, i.e.
ug ¼ u1 ¼    ¼ uN ¼ u0, then the problem has the trivial solution
Uk zkð Þ ¼ ck0; U0k zkð Þ ¼ 0. This solution and the constant cu ¼ u0 sat-
isfy totally the boundary conditions (2.12)–(2.14). Substituting their
into Eqs. (2.1)–(2.3) we obtain Eq. (3.9) which are carried out in any
point of the domain S. The displacements u;v and w (2.3) are
constant.
Note 3. The complex potentials Uk zkð Þ k ¼ 1;3
 
of the plane
electroelastic problem have the form (3.1) for a ﬁnite domain or
(3.8) for an inﬁnite one where A0k are deﬁned from the system
(Khoroshev, 2010)
2Re
X3
k¼1
k2k; k6k; k8k;pk; qk; r
0
k
 
iA0k ¼ 0;0;1=2p;0;0;0ð Þ:4. Solution for a domain S with elliptical contours
Let us now consider the inﬁnitely long cylindrical piezoelectric
body with the outer boundary L0 and the elliptical longitudinal
cavities Ll ðl ¼ 1;LÞ which can make cylindrical cavities of non-
elliptic shape by union, intersection and contact. The boundary
conditions on the elliptical contours that form a non-elliptic cavity
are the same. A plane cut is assumed to be an elliptical cavity with
a very small semiaxis (it is equal to zero in the limit). The cross-
section of the cylinder occupies the multiconnected domain S
(see Fig. 1) bounded by smooth elliptical contours or piecewise-
smooth contours composed of elliptical arcs. A rectilinear cut is
an ellipse with a zero-valued semiaxis bl. We will solve the prob-
lem following the numerically-analytical technique ﬁrstly intro-
duced by Kaloerov and Goryanskaya, 1998 and developed also in
Kaloerov et al. (2007); Kaloerov and Baeva (2001); Glushchenko
and Khoroshev (2008); Khoroshev (2010). As it was shown in
Kaloerov and Goryanskaya (1998), the holomorphic in Sk and sin-
gle-valued functions Uk0 zkð Þ are expressed in the form
Uk0 zkð Þ ¼ Ukg0 zkð Þ þ
XL
l¼1
Ukl zkð Þ; ð4:1Þ
in which Ukg0 zkð Þ are functions holomorphic inside the contour Lk0
and they are identical with zero for an inﬁnite domain S;Ukl zkð Þ
are functions holomorphic outside the contours Lkl.
Fig. 2. Geometrical characteristics of the cross-sections of cylinders.
Table 2
The electromechanical coupling factors of the piezoceramics.
Factor Piezoceramic
M1 M2 M3 M4 M5
k31 0.212 0.280 0.334 0.344 0.388
k33 0.500 0.626 0.700 0.705 0.752
k15 ¼ kiL 0.480 0.701 0.710 0.685 0.675
ki3 0.509 0.650 0.715 0.715 0.754
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the Taylor series (Kaloerov and Goryanskaya, 1998)
Ukg0 zkð Þ ¼
X1
n¼0
ak0nznk
Rnk0
; ð4:2Þ
where Rk0 is a parameter depend on geometrical characteristics of
the contour Lk0. For representing the form of Ukl zkð Þ ðl ¼ 1;LÞ we
ﬁrstly conformally map the outside the unit circle j fkl jP 1 onto
the outside the corresponding contour Lkl (Kaloerov and Goryans-
kaya, 1998)
zk ¼ zkl þ Rkl fkl þ
mkl
fkl
 
:
Here
Rkl ¼
al cos/l þ lk sin/l
 þ ibl sin/l  lk cos/l 
2
;
mkl ¼
al cos/l þ lk sin/l
  ibl sin/l  lk cos/l 
2Rkl
;
al; bl are the semiaxes of the ellipse Ll;/l are the angle of inclination
of the axis Olxl of the local system coordinate Olxlyl (see Fig. 1). Thus,
the holomorphic outside the contours Lkl functions Ukl zkð Þ l ¼ 1;L
 
are represented in the form of the Laurent series outside the unit
circles j fkl jP 1 (Kaloerov and Goryanskaya, 1998)
Ukl zkð Þ ¼
X1
n¼1
akln
fnkl
: ð4:3ÞTable 1
Non-zero required material constants of the piezoceramics.
Constant Piezoceramic
M1 M2 M3 M4 M5
sD11=s0 ¼ sD33=s0 8.70 10.70 10.90 14.40 14.05
sD22=s0 7.10 9.00 7.90 9.46 8.9
sD12=s0 ¼ sD23=s0 1.90 2.68 2.10 2.98 3.05
sD13=s0 3.00 4.24 5.42 7.71 7.27
sD44=s0 ¼ sD66=s0 17.50 22.90 19.30 25.20 23.7
sD55=s0 23.60 29.90 32.70 44.30 42.6
g21=g0 ¼ g23=g0 5.20 15.10 11.10 11.40 9.11
g22=g0 12.60 38.10 26.10 24.80 19.70
g16=g0 ¼ g34=g0 20.20 50.30 39.40 38.20 26.80
br11=b0 ¼ br33=b0 77.93 114.13 76.61 65.31 36.10
br22=b0 66.47 251.10 86.92 66.46 33.23Taking into account that j mkl j6 1, we obtain that the outside
j fkl j> 1
ln zkzklð Þ¼ lnfklþa holomorphic function outside the contourLkl:
This ‘‘a holomorphic function outside the contour Lkl’’ we add to
Ukl zkð Þ. Substituting Eqs. (4.1)–(4.3) and the latest expression into
Eq. (3.1) or Eq. (3.8) provides
Uk zkð Þ ¼ A0k
XN
l¼1þg0
Ql ln fkl  g0 ln fk1½  þ
XL
l¼g0
X1
n¼1
aklnukln zkð Þ; ð4:4Þ
where ukln zkð Þ ¼ znkRnk0 for l ¼ 0 and ukln zkð Þ ¼ fnkl for l ¼ 1;L.
We will determine the unknown constants Ql ðl ¼ 1þ g0;LÞ and
akln k ¼ 1;4; l ¼ g0;L; n ¼ 1;1
 
that are included in the functions
(4.4) by the least-squares method from the boundary conditions
(2.12)–(2.14) on the contours of the domain S. For this let us for
these boundary conditions construct the functional
I1 ¼
XL
l¼g0
XMl
m¼1
2Re
X4
k¼1
g0ki Uk tklmð Þ Uk tkl
  	











2
þ
XL
l¼g1 ;Nþ1
XMl
m¼1
2Re
X4
k¼1
k08k Uk tklmð Þ Uk tkl
  	











2
þ
XN
l¼g2 ;1
XMl
m¼1
cu þ 2Re
X4
k¼1
r0k Uk tklmð Þ  ck0½   Vl1












2
:
Here Ml is quantity of ’’collocation’’ points chosen on Ll. On satisfy-
ing the minimum conditions for the functional @I1=@ cu ¼ 0;
@I1=@Ql ¼ 0; @I1=@ akln ¼ 0 we obtain an algebraic system of linear
equations. After the coefﬁcients cu;Ql and akln have been deter-
mined from this system, the function Uk zkð Þ k ¼ 1;4
 
(4.4) become
Table 3
Comparing with the exact solution.
The quantity The ‘‘collocation’’ points on L1 k ¼ 1 k ¼ 2 k ¼ 3
ak11 x1 ¼ 0:500; y1 ¼ 0:867 2.503 + 0.876i 35.875  73.837i 49.588  59.962i
ak11 x1 ¼ 0:867; y1 ¼ 0:500; x2 ¼ 0:867; y2 ¼ 0:500 1.473 + 3.107i 2.300  0.828i 0.1034  3.532i
ak11 x1 ¼ 1:000; y1 ¼ 0:000; x2 ¼ 0:500; y2 ¼ 0:867; x3 ¼ 0:500; y3 ¼ 0:867 6.383 + 0.000i 3.192  0.252i 3.192 + 0.252i
ak1 Exact solution 6.383 + 0.000i 3.192  0.252i 3.192 + 0.252i
Table 4
The electrocapacity Cv10, [lF].
R1=R0 Piezoceramic
M1 M2 M3 M4 M5
0.1 0.036 0.014 0.028 0.035 0.065
0.5 0.123 0.054 0.102 0.126 0.235
0.9 0.811 0.370 0.692 0.815 1.587
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calculate the basic electroelastic state characteristics such as the
stresses, components of the electric ﬁeld displacement vector and
the electric ﬁeld intensity vectors, the electric potential in any point
of the region by the formulas (2.1)–(2.3). If Ll is a line crack then the
stress, electric displacements and tension intensity factors (SIF)
values for its tips are determined as (Kaloerov, 2007)
k1l ¼ 2Re
X4
k¼1
k1k sin
2 /l þ k2k cos2 /l  k6k sin 2/l
h i
Mkl;
k2l ¼ 2Re
X4
k¼1
k2k  k1kð Þ sin/l þ k6k cos 2/l½ Mkl;
k3l ¼ 2Re
X4
k¼1
k4k cos/l  k5k sin/l½ Mkl;
kDl ¼ 2Re
X4
k¼1
k8k cos/l  k7k sin/l½ Mkl;
kEl ¼ 2Re
X4
k¼1
rk0 lk cos/l  sin/l
 	
Mkl:
Here Mkl ¼ 
ﬃﬃﬃﬃ
al
p
A0kQl 
P1
n¼1 1ð Þnnakln
 	
=Rkl.Fig. 3. Graphical results for aNote 4. It is easy to construct the similar solution for the plane
problem.5. Numerical investigations and their analysis
For illustrating the above mentioned technique there were car-
ried out detailed numerical investigations of the electroelastic
states of two inﬁnitely long piezoelectric cylinders: a circular hol-
low cylinder and an inﬁnite body with two identical longitudinal
circular cavities and a longitudinal plane crack. The cross-section
of the ﬁrst cylinder occupies a circular ring and the cross-section
of the second one occupies an inﬁnite domain with two circular
holes and a linear crack. Geometrical characteristics of these do-
mains are shown on Fig. 2. The surfaces of the outer boundary L0
and the boundary L1 of the hollow cylinder (Fig. 2a), the surfaces
of the cavities L1; L2 of the inﬁnite body (Fig. 2b) are covered by thin
electrodes; the plane crack is charge-free. As presented on Fig. 2,
the both cylinders are subjected only to action of the voltage differ-
ence in 1 V; mechanical loading is absent. Numerical calculations
were done for domains of various conﬁgurations.
The bodies are assumed to be made of one of ﬁve piezoceramics
with the polarization axis parallel to the Oy-axis: (1) M1 – BaTiO3;
(2) M2 – PZT-2; (3) M3 – PZT-4; (4) M4 – PZT-5A (Berlincourt et al.,
1964); (5) M5 – PZT-5H (Berlincourt and Krueger, xxxx). Table 1
contains the values of their material constants, and
s0 ¼ 1012 Pa1; g0 ¼ 103 m2 C1; b0 ¼ 106 N  m2 C2. And also,
there are given the values of some electromechanical coupling
factors of the materials in Table 2. Here k31 is the lateral coupling
factor, k33 is the longitudinal coupling factor, k15 ¼ kiL are the shear
coupling factor and the invariant coupling factor with electric ﬁeld
perpendicular to the polarization axis, ki3 is the invariant coupling
factor with the electric ﬁeld parallel to the polarization axis.circular hollow cylinder.
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et al. (1964) for materials with the polarization axis Ox3.
Comparing with the exact solution. Let us give the exact
solution of the plane problem for inﬁnitely long piezoelectric body
with an electroded cavity whose cross section is an unit circumfer-
ence L1. The body has the material plane symmetry parallel to its
cross-section (see Note 1). The zero-valued electric potential is
applied to it. There is given the value of the y-component of the
electric ﬁeld intensity vector at inﬁnity E1x ¼ 1V/m. Mechanical
load is absent. The centre of Oxy is situated at the centre of L1.
The exact solution of the problem is well-known (Kaloerov et al.,
2007) and it is represented in form of the complex potentials
Uk zkð Þ ¼ Ckzk þ a

k1
fk1
:
Here Ck are solution of the system
2Re
X4
k¼1
k1k; k2k; k6k; k8k;lkr0k ; qk  lkpk
 
Ck
¼ 0;0;0;0; E1x ¼ 1;0
 
;
ak1 are known constantsFig. 4. Results for aak1 ¼ CkRk1mk1  rkRk1Ck  skþ1Rkþ1;1Ckþ1  ekþ2Rkþ2;1Ckþ2;
rk ¼ k6kM6k þ k2kM2k þ r0kM8k
 
D1k ;
skþ1 ¼ k6;kþ1M6k þ k2;kþ1M2k þ r0kþ1M8k
 
D1k ;
ekþ2 ¼ k6;kþ2M6k þ k2;kþ2M2k þ r0kþ2M8k
 
D1k ;
Dk ¼ k6kM6k þ k2kM2k þ r0kM8k; M2k ¼ k6;kþ2r0kþ1  k6;kþ1r0kþ2;
M6k ¼ k2;kþ1r0kþ2  k2;kþ2r0kþ1; M8k ¼ k2;kþ2k6;kþ1  k2;kþ1k6;kþ2;
k is index equal to 1, 2 or 3; if the value of kþ j j ¼ 1;2ð Þ is more
than 3 then it is formally assumed k + j  3. We construct the
numerically-analytical solution by taking for the complex
potentials
Uk zkð Þ ¼ Ckzk þ ak11fk1
;
where ak11 are determined by the least-squares method. Numerical
results are given for the material M5 in Table 3. Herewith, two and
more ’’collocation’’ points were chosen on L1 so that they divide the
circle into equal parts.
As follows from Table 3 ak11 ¼ ak1 for three ’’collocation’’ points.
For four and more ’’collocation’’ points the rezults are such as forn inﬁnite body.
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the terms of the series (4.4) have been chosen so as to get a good
satisfaction of the boundary conditions and the numerical solution
stability.
A circular hollow cylinder. Fig. 2, and Table 4 present results
for a hollow cylinder with the cross-section occupying a circular
ring with inner radius R1 and outer radius R0 (see Fig. 2a).
Fig. 3a shows plots of the variations of the normal stresses rh in
the points near the outer contour L0 (dashed lines) and the inner
contour L1 (solid lines) on the areas perpendicular to the contours
against the central angle h for cylinders made of the material M4
with next inner-to-outer-radius ratios R1=R0: 0.1, 0.5 and 0.9. Here
and bellow h is the central angle taken counterclockwise relative to
the direction of the positive Ox-axis; the scale factor coefﬁcient
R0 ¼ R0=R, where R ¼ 1 m. As follows from the plots, as the ratio
R1=R0 increases, the magnitudes of the stresses rh in points near
the inner contour decrease whereas near the outer one they in-
crease. The magnitudes of the stresses have the largest values in
points of the polarization axis Oy.
Fig. 3b presents graphs of the variations of the stresses rx in the
point A 2 Oy near L1 of the cross-sections of cylinders produced
from the materials M1–M5 as functions of the ratio R1=R0. Fig. 3b
and Table 2 imply that the largest magnitudes of stresses in a
cylinder are strongly depend on the electromechanical coupling
factors k31; k33 (or ki3) of material. They are greater for materials
having greater absolute values of the factors.
Table 4 lists the electrocapacity Cv10 of the electrode L1 relative
to the electrode L0 as a function of the ratio R1=R0 for cylinders
made of the materials M1–M5. In case of the problem under
consideration this physical quantity is the electrocapacity for a
capacitor composed of the electrodes L0 and L1, and space between
them is ﬁlled by piezoceramic material. As follows from Table 4
and Table 4, the electrocapacity increases as the ratio R1=R0 in-
creases; its value for materials with greater magnitudes of the
dielectric susceptibilities brij is greater than for materials with
smaller ones.
An inﬁnite body with two identical longitudinal circular cav-
ities and a longitudinal plane crack. Fig. 4 presents graphical re-
sults for an inﬁnite body with the cross-section occupying an
inﬁnite region bounded by two identical circular holes L1 and L2
of radius r and a rectilinear crack L3 of length l between the holes.
The centres of the holes and the crack are situated in the same line
of the polarization axis Oy, length of the bridge between the holes
is equal to 2r (see Fig. 2b).
Fig. 4a shows plots of the variations of the stresses rh in the
points near the lower contour L1 against the central angle h for
bodies made of the material M4 with next ratios l=r of crack length
to hole radius: 0.5, 1.0, 1.5, 1.8 and 1.9. Here and bellow the scale
factor coefﬁcient r ¼ r=R. As follows from the plots, as the ratio l=r
increases, the magnitudes of the stresses rh in points near the con-
tour increase.
Fig. 4b presents graphs of the variations of the stresses rh in
points near the lower contour L1 as functions of the angle h for
bodies made of the materials M1–M5 when l=r ¼ 1:5 (solid lines)
and l=r ¼ 0 (dashed lines). Here and bellow the case of l=r ¼ 0
corresponds to a body without any crack. The ﬁgure imply that
the largest magnitudes of the stresses in a inﬁnite body are not
strongly depend on the electromechanical factors k31; k33 (or ki3)
of material. For bodies made of the materials M1 and M2 this
dependence is not hold.
The graphs of the SIF k13 in the crack tips against the ratio l=r are
plotted in Fig. 4c for bodies made of the materials M1–M5. As
follow from the ﬁgure, k13 are increased with with increasing
length of the crack. The numerical results show that for all cases
which were considered the values of k13; k

D3 and k

E3 are equal to
zero.Fig. 4d shows plots of the variations of the electrocapacity Cv12 of
the electrode L1 relative to the electrode L2 as a functions of the ra-
tio l=r for bodies made of materials M1–M5. The ﬁgure imply that
the electrocapacity increases signiﬁcantly as the ratio l=r increases
from 1.5 to 1.9; its value for materials with greater magnitude of
the dielectric susceptibilities brij is greater than for materials with
smaller ones.6. Conclusions
The two-dimensional or the plane electroelasticity problem for
inﬁnitely long piezoelectric cylinders with cavities and cracks un-
der electrical potential difference action are solved using the Lekh-
nitskii’s generalized complex potentials. The complex potentials
are investigated. Boundary conditions in integral form are satisﬁed
by the least-squares method. There are carried out and presented
numerical investigations of behaviour of some basic electroelastic
characteristics in a circular hollow cylinder and in an inﬁnite body
with two longitudinal cavities and a charge-free plane crack. New
electromechanical regularities of inﬂuence of material properties,
geometrical characteristics of considered regions on values of the
stresses, the electrocapacities and the stress, electric displace-
ments and tension intensity factors k1 values are obtained.References
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